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Abstract
A general appearance of two-pole structures is exhibited in a relativistic Friedrichs-Lee model combined with a relativistic
quark pair creation model in a consistent manner. Such kind of a two-pole structure could be found when a qq¯ state couples to
the open-flavor continuum state in the S partial wave. We found that many enigmatic states, such as f0(500)/σ, K
∗
0 (700)/κ,
a0(980), f0(980), D
∗
0(2300), D
∗
s0(2317), andX(3872), combining with another higher states, all result from such kind of two-pole
structures. Furthermore, an interesting observation is that such kind of two-pole structure will contribute roughly a total of
180◦ phase shift for the continuum scattering process in a single channel approximation. This relativistic scheme may provide
more insights into the understanding of the properties of non-qq¯ state. It is also suggested that such kind of two-pole structure
could be a common phenomenon which deserves studying both from theoretical and experimental perspectives.
As is well-known, states in general are related to the
poles of the scattering matrix. In hadron physics, there
are always cases that two poles appear together and dy-
namically related to each other in some scattering pro-
cesses. In some systems, two poles are both dynami-
cally generated by scattering of continuum states at the
same time, and may represent two different states. The
N(1405) signal in the K¯N and piΣ system was proposed
to be contributed by two poles dynamically generated
on the same Riemann sheet[1–3]. There could also be
the cases that the two poles are located on the differ-
ent Riemann sheets and represent the same state, one of
them being the resonance pole and the other the shadow
pole. A typical example is the N(1440) state which comes
with both a second-sheet pole and a third-sheet shadow
pole[4, 5]. However, there is another case where one of the
two poles comes from a seed state and the other is dynam-
ically generated from the interaction between the same
seed state and some continuum state. These two poles
may be separated far from each other and be regarded as
different states. This mechanism could be the cause of
the generation of the mysterious X(3872) and a heavier
X(3940), that is, the X(3872) could be regarded as be-
ing dynamically generated by the interaction between the
χc1(2P ) state and the continuum DD¯
∗[6–12]. In present
paper, we will show that the appearance of this kind
of two-pole structures could be a common phenomenon
in hadron spectrum ranging from the states with light
quarks to those with heavy quarks, and a simple dynam-
ical origin of these two-pole structure is revealed in a
relativistic constituent quark picture.
The quark potential models are usually regarded as
a criterion to characterize the observed hadron states
for its generally successful predictions [13]. However,
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a famous long-standing puzzle is about the lightest 0+
scalar mesons which lie below 1.0 GeV, while the low-
est 0+ scalar (uu¯ ± dd¯)/
√
2, us¯, and ss¯ states predicted
by the quark potential model are at about 1.1 ∼ 1.5
GeV [13]. The light scalar states observed in experi-
ments are categorized in three groups according to their
isospins: (1) Five I = 0 states: f0(500), f0(980),
f0(1370), f0(1500), and f0(1710); (2) Two I = 1/2 states:
K∗0 (700) and K
∗
0 (1430); (3) Two I = 1 states: a0(980)
and a0(1450) [14]. The attempt to categorize these scalar
states into suitable nonets is disturbed by the contro-
versy about the existence of f0(500) and K
∗
0 (700), until
their poles are determined by model-independent meth-
ods [15–19]. Nowaday, f0(500), K
∗
0 (700), a0(980), and
f0(980) are suggested to form a non-qq¯ nonet, while
f0(1370), K
∗
0 (1430), a0(1450), and f0(1500)(or f0(1710))
are assumed to form the qq¯ nonets [20]. The lower nonet
has an “inverse” mass relation, which could be under-
stood in the tetraquark model proposed by Jaffe [21, 22].
Another method to study these states is to restore the
resonance information from the scattering amplitudes in
the chiral perturbation theory (χPT) with some unita-
rization schemes. Large Nc analyses demonstrate that
those states below 1.0 GeV really do not behave like the
qq¯ states [23–25]. Besides the puzzle of the light scalar
states, more recently, some hadron states with heavy
quarks, such as D∗0(2300), D
∗
s0(2317), and X(3872), are
also puzzling states which could hardly be accommo-
dated in the predicted qq¯ states in the quark potential
model. Usually, by unitarizing the scattering amplitudes
in the heavy quark chiral perturbation theory (HχPT),
several groups claimed that they could be regarded as
the hadronic molecular states[26–28]. We will show that
most of above states can be understood from a uni-
fied constituent quark picture using the previous men-
tioned mechanism, and two-pole structures can be found
in these cases.
To understand these possible non-qq¯ states, several at-
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tempts were made in pursuing the idea that they might
be dynamically generated due to the coupling of funda-
mental states to the continuum states. The unitarized
meson model [29–31], the unitarized quark model [32–
34], the hadron loop model [35, 36], coupled channel
models [6–9], and other approaches have been developed
along these lines to understand the natures of the light
scalar mesons and some non-qq¯ states with heavy quarks.
However, such models are usually case by case studies
and are questioned for adopting many phenomenologi-
cal assumptions or being embedded in a non-relativistic
frame. To reach a more general and convincing result, a
relativistic scheme covering both the light and the heavy
mesons with more solid foundation is desirable. To take
into account of the relativistic effects, two aspects need
to be considered. One is the relativistic dispersion re-
lation which is expressed in the center of mass energy
squared s rather than the energy E which usually ap-
pears in the Lippman-Schwinger equation based method.
Another one is related to the interaction between the seed
and the continuum which needs to be formulated in a rel-
ativistic consistent way in the constituent quark picture.
Recently, we proposed a framework [37] which combines
the exactly solvable relativistic Friedrichs-Lee [38] model
with the relativistic Quark Pair Creation (RQPC) [39, 40]
model to address these two issues, which provides the
theoretical basis for the present paper.
The basic idea of the Friedrichs-Lee model is that,
when the coupling between a discrete state and contin-
uum states is considered, the discrete state will dissolve
into the continuum and becomes a resonant state [41, 42].
In fact, besides the pole shifted from the original dis-
crete state, more dynamically generated poles could ap-
pear in the scattering amplitude [11, 43]. This scheme
can be extended to a totally relativistic scenario by in-
cluding the relativistic kinematics and introducing the
creation and annihilation operators for a single-particle
state and for a two-particle continuum state mimicked by
a so-called bilocal field [37, 38]. The eigenvalue problem
for the Hamiltonian can be exactly solved: the creation
and annihilation operators for the continuum eigenstates
and generalized discrete eigenstates can be solved exactly
and the scattering amplitude can be obtained. The most
important quantity relevant here is the resolvent func-
tion, whose inverse η(s) function reads
η(s) = s− ω20 −
∫
sth
ds′
ρ(s′)
s− s′ . (1)
sth is the threshold value of s, the invariant mass squared
of the continuum state, and ω0 is the bare mass of the
single particle. The spectral function ρ(s) is defined as
ρ(s) = 2ω0
k(s)E1(s)E2(s)√
s
α(s)2, in which k(s) is the magni-
tude of relative momentum of two particles in their c.m.
frame, and E1(s) and E2(s) are their respective energies.
As a consequence of introducing the annihilation oper-
ators, Eq.(1) depends on s instead of E, similar to the
relativistic dispersion relation, which is different from its
counterpart in the non-relativistic case [10, 11]. This η(s)
function has a right hand cut starting from the thresh-
old, and could be analytically continued to complex s-
plane with two Riemann sheets. Since it is the denomi-
nator of the S-matrix, the zero points of the function on
the Riemann sheets are just related to the virtual-state,
bound-state, and resonance-state poles of the scattering
amplitude of continuum states. In principle, the scheme
could be extended to the cases with multiple continua
and the η function will then include multiple integrations
over different continua. Here we consider only the elastic
scattering cases with only one integration for simplicity.
The coupling form factor α(s) describes how the dis-
crete one-particle state interacts with the two-particle
continuum state. The RQPC model is adopted to de-
scribe the the coupling between a meson state and a
meson-pair continuum state [37, 39]. Both at the me-
son level and at the quark level, the relativistic canonical
one-particle and two-particle states and their transfor-
mation properties under the Lorentz transformation be-
tween the c.m. frame and the other frames are taken
into account [37, 39, 44, 45], so that the whole scheme is
formulated in a consistent relativistic manner. With all
these relativistic elements included, a relativistic mock
state of a meson can be constructed which differs from
the nonrelativistic one by Lorentz boosts. The spatial
wave functions in the c.m. frame of quark-antiquark sys-
tem in the mock state could be obtained by considering
the quark-antiquark interaction in the relativized poten-
tial model, such as the Godfrey-Isgur (GI) model [13]
adopted here. The relativistic effect is also implemented
in the GI model so that it is consistent with the rela-
tivistic Friedrichs-Lee scheme. The interaction operator
for the quark pair creation itself could be obtained from
a relativistic Hamiltonian [39, 40]. Only one parame-
ter γ which represents the strength of creation of the
quark-antiquark pair from vacuum is needed. With the
relativistic mock states for the mesons, the amplitude
for A meson to BC mesons can be obtained which pro-
vides the α(s) form factor in the Friedrichs-Lee model.
In principle, such a relativistic scheme provides a consis-
tent method to study both the meson states with light
quarks and those with heavy quarks.
Based on the theoretical background above, the emer-
gence of the two-pole structures in a rather broader spec-
trum could be studied. The two-pole structure here
means that, although there is only one bare seed state in-
teracting with the continuum state, two sets of S-matrix
poles related with each other appear. One set of poles
come from the bare seed state (refers to “bare” poles)
and the other set of poles are dynamically generated
by the interaction between the seeds and the continuum
state (refers to “dynamical” poles). The “dynamical”
poles in general may be originated from the singular point
of the form factor, which may be located at infinity or
faraway from the seed [43]. Usually, the “bare” poles are
a pair of complex conjugate poles representing a reso-
nance. The “dynamical” poles could be a pair of complex
conjugate poles, a pair of bound-state and virtual-state
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TABLE I. Correspondence of the discrete states and the continuum states as the universal parameter γ = 4.3. The values in
the fourth column are the input mass of bare states. Unit is GeV.
“discrete” “continuum” GI mass Input poles experiment states PDG values [14]
uu¯+dd¯√
2
(13P0) (pipi)I=0 1.09 1.3
√
sr1 = 1.34 ± 0.29i f0(1370) 1.35±0.15 ± 0.2±0.05i√
sr2 = 0.39 ± 0.26i f0(500) 0.475±0.075 ± 0.275±0.075i
us¯(13P0) (piK)I= 1
2
1.23 1.42
√
sr1 = 1.41 ± 0.17i K∗0 (1430) 1.425±0.05 ± 0.135±0.04i√
sr2 = 0.66 ± 0.34i K∗0 (700) 0.68±0.05 ± 0.30±0.04i
ss¯(13P0) KK¯ 1.35 1.68
√
sr1 = 1.71 ± 0.16i f0(1710) 1.704±0.012 ± 0.062±0.009i√
sb = 0.98,
√
sv = 0.19 f0(980) 0.99
±0.02 ± 0.028±0.023i
uu¯−dd¯√
2
(13P0) piη 1.09 1.3
√
sr1 = 1.26 ± 0.14i a0(1450) 1.474±0.019 ± 0.133±0.007i√
sr2 = 0.70 ± 0.42i a0(980) 0.98±0.02 ± 0.038±0.012i
cu¯(13P0) Dpi 2.4 2.4
√
sr1 = 2.58 ± 0.24i D∗0(2300) 2.30±0.019 ± 0.137±0.02i√
sr2 = 2.08 ± 0.10i
cs¯(13P0) DK 2.48 2.48
√
sr1 = 2.80 ± 0.23i√
sb = 2.24,
√
sv = 1.8 D
∗
s0(2317) 2.317
±0.0005 ± 0.0038±0.0038 i
bu¯(13P0) B¯pi 5.76 5.76
√
sr1 = 6.01 ± 0.21i√
sr2 = 5.56 ± 0.07i
bs¯(13P0) B¯K 5.83 5.83
√
sr1 = 6.23 ± 0.17i√
sb = 5.66,
√
sv = 5.3
cc¯(23P1) DD¯
∗ 3.95 3.95
√
sr1 = 4.01 ± 0.50i X(3940)√
sb = 3.785 X(3872) 3.87169
±0.00017
poles, or only one bound (or virtual) state, depending
on the coupling form factor and its strength. Our main
purpose of this paper is just to demonstrate this general
phenomenon rather than to make a systematic fit. Thus,
only one Okuba-Zweig-Iizuka (OZI) allowed continuum
for every bare qq¯ state is chosen. Such a simplification
to one-continuum scenario could also demonstrate the
two-pole picture more clearly by avoiding the complexity
introduced in multi-continua case [46]. Furthermore, the
masses of some bare states are slightly deviated from GI’s
prediction to make the observables, such as the phase
shifts, consistent with the measured values in the experi-
ments. This is reasonable, since GI’s calculations do not
consider the interactions between the mesons. If these
interactions are included, and then do the same thing
as GI, which is similar to what we are doing here, the
masses should be “renormalized” from GI’s results. For
our purpose, we will consider nine cases, ranging from the
lowest scalars to the one with one bottom quarks and the
cc¯(23P1) cases related to X(3872).
When the universal parameter γ is chosen at about 4.3,
the poles of resolvents are extracted and listed in Table. I.
A general consistency between the pole positions, which
is defined as
√
s =M ± iΓ/2, and the states in the PDG
table could be found. The enigmatic broad f0(500) ap-
pears naturally as the “dynamical” states corresponding
to the scalar (uu¯+dd¯)/
√
2, while the bare state is shifted
to become f0(1370). Similarly, K
∗
0 (700) and K
∗
0 (1430)
are the “dynamical” pole and the “bare” pole of scalar us¯
states respectively. The coupling of scalar ss¯ bare state
and the KK¯ continuum, which is OZI-allowed, leads to
a bound-state pole just below the KK¯ threshold and an-
other virtual-state pole at 0.19 GeV. This bound state
naturally correspond to the f0(980). If the pipi continuum
coupling to ss¯ is considered, which is OZI-suppressed,
there will be a new cut from the pipi threshold and the
bound state will move onto the second sheet and becomes
a narrow resonance pole. This general argument is in
agreement with the characteristics of f0(980), which ap-
pears as a peak structure in J/ψ → φpi+pi− while being
nearly invisible in J/ψ → ωpi+pi− [47]. At the same time,
the bare ss¯ is shifted to the complex energy plane at
1.71± i0.16 GeV, whose properties is consistent with the
f0(1710), which has a large ss¯ components as observed
in experiments [48].
For the isovector scalar (uu¯− dd¯)/
√
2 state, only cou-
pling to the piη continuum is considered in this work and
a broad resonance at about 0.7GeV is found. Actually,
coupling to KK¯ continuum could be comparable with
that to piη, and the KK¯ threshold could truncate the
contribution of a broad resonance pole to produce a nar-
row peak below the threshold as illustrated in the Flatte
effect [33, 34, 49]. An more reasonable description might
need a two-channel scenario, which is beyond the scope
of this work.
For the scalar cu¯ and cs¯ states, two-pole structures
are also found. Clearly, due to coupling between the
scalar cs¯ state and the DK continuum, the “dynami-
cal” bound-state pole at 2.24 GeV could corresponds to
the D∗s0(2317) state. The “bare” pole originated from
3
TABLE II. The poles’ positions of heavy mesons as γ = 3.0.
Unit is GeV.
“states” bare poles dynamical poles
cu¯(13P0)
√
sr1 = 2.39± 0.18i √sr2 = 2.21± 0.28i
cs¯(13P0)
√
sr1 = 2.68± 0.26i √sb = 2.32,√sv = 1.9
bu¯(13P0)
√
sr1 = 5.85± 0.26i √sr2 = 5.62± 0.13i
bs¯(13P0)
√
sr1 = 6.11± 0.22i √sb = 5.72,√sv = 5.4
cc¯(23P1)
√
sr = 3.99 ± 0.05i √sb = 3.84
the cs¯(13P0) seed state is located at about 2.80 ± 0.23i
GeV. The scalar cu¯ state could also produce two poles at
2.08±0.10iGeV and 2.58±0.24iGeV, in which the lower
one is the “dynamical” one and the higher the “bare”
one. Although the experiment only claimed a broad res-
onance called D∗0(2300), it could be contributed by two
poles. Further efforts to distinguish these two close poles
are quite valuable, because this occasion is different from
other two-pole structures whose poles separate from each
other. Such a two-pole structure has also been found by
the calculations based on unitarizing the HχPT ampli-
tudes [26, 27, 50], and they are also comparable with the
LQCD simulation [51]. Similarly, their counter parts for
the scalar bu¯ and bs¯ states could also be found here, and
the two poles for each case are listed in Table. I.
The cc¯(23P1) state could also produce a two-pole struc-
ture as we have shown in the non-relativistic Friedrichs
model [11, 12]. Here, the “dynamical” pole is also a
bound state below the DD¯∗ threshold but much lower
at about 3.78 GeV. The lower results of X(3872) and
Ds0(2317) compared with the observed values might in-
dicate that the γ parameter may be somewhat different
for heavy mesons. If the γ parameter is chosen at 3.0 to
produce the accurate mass of D∗s0(2317), the masses of
the other states are listed in Table. II, which are worth
pursuing in future experiments. The results of cc¯(23P1)
are also improved, closer to our previous works [11, 12].
Nevertheless, this still proves the general existence of the
two-pole structure.Nevertheless, this still proves the gen-
eral existence of the two-pole structure.
Besides the coincidence of the poles’s positions with
the experiment, further evidences of two-pole structures
come from the properties of the scattering phase shifts.
A careful analysis of this scheme shows a sum rule for
the single channel phase shift here, δ(∞) − δ(sth) = pi,
which means that the two-pole structure contribute a to-
tal phase shift of 180◦, which should generally not be
satisfied if two poles are independent. This property
could be easily verified in I = 1/2 piK scattering, where
theK∗0 (700) resonance pole contributes a smoothly-rising
phase shift below 1.2GeV and the K∗0 (1430) contributes
a rapid rise of phase shift at about 1.43 GeV in Fig. 1.
These two poles contribute a total phase shift of roughly
180◦ until about 1.7GeV, consistent with the extracted
data from the Kpi scattering [52–55]. The phase shift
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FIG. 1. Comparisons of experimental phase shifts and the
theoretical calculations when γ = 4.3. The left one is that of
IJ = 00 pipi scattering and the right one is that of IJ = 1
2
0
piK scattering. The solid line is the contribution of two-pole
structure.
data of the IJ = 00 pipi scattering also provide some
hint to this sum rule, even though it is more complicated
for being contributed by both the states generated from
(uu¯ + dd¯)/
√
2 and ss¯ states. As shown in Fig. 1, the
sharp rise of about 180◦ at about 1.0 GeV is contributed
by the narrow f0(980) and the inelasticity of KK¯ thresh-
old. Suppose the contribution of the f0(980) is removed,
the experimental phase shift is just rising smoothly with
a total phase shift about 180◦ at around 1.6GeV. This
suggests that the f0(500) and f0(1370) may contribute a
total phase shift of 180◦. This also provides a possible
answer to the question raised in Ref. [56] why no obvi-
ous phase shift related to f0(1370) has been measured in
experiments.
It seems the relative positions of the two poles in differ-
ent cases are different. However, a numerical experiment
could show some common behavior of the pole trajecto-
ries, which shed more light on the general properties of
the two-pole structure. For all the JPC = 0+ cases, as
the coupling constant γ increases from zero, the “bare”
pole will move away from the real axis to the second
Riemann sheet and becomes a pair of conjugate reso-
nance poles. At the same time, another pair of “dy-
namical” conjugate poles come from the deep complex
energy plane, and move towards the real axis. If the
coupling strength become large enough, the pair of “dy-
namical” poles will meet each other at the real axis below
the threshold on the second Riemann sheet, and become
a pair of virtual-state poles. As the coupling strength
keeps increasing, one of the virtual state pole will move
down along the real axis and the other one moves up to-
wards the threshold. Finally, the higher one will move
across the threshold to the first Riemann sheet and be-
come a bound state. Since the parameter γ is a universal
one, on which part of the trajectory the pole position will
be depend on the wave functions and the specific parame-
ters such as quark masses in each cases. For the scalar ss¯,
cs¯, and bs¯ states, the coupling is so strong that a bound
state and a virtual state are produced for each case, but
for other scalar cases the “dynamical” poles remains to
be resonances.
Based on the above observation, we would extract some
general features in these two-pole phenomena. First,
the appearance of a “dynamical” pole needs a nontrivial
4
form factor, which is produced by the coupling of mesons
which are composed by more fundamental quarks. Thus
we reach our first general statement, coupling the seed
and continuum where all particles involved are compos-
ite particles would always produce “dynamical” poles
such that this kind of two-pole structure is possible. We
have also see another feature: as the coupling increases
from zero, the “dynamical” resonance poles come from
far away towards the physical region and may become
bound states or nearby virtual states when the coupling
becomes stronger. Whether or not the two-pole struc-
ture can be observed, depends on the wave functions and
specific parameters like masses for the involved particles.
Finally, we make a more audacious conjecture: for a qq¯
state coupling with the nearest open-flavor channel in S-
wave, it is highly possible for the “dynamical” pole to be
near the physical region and can have observable effect
in the experiments.
To sum up, the interaction between discrete states and
the continuum in general may dynamically generate new
states and thus results in the two-pole structures, which
may be a general mechanism in the strong interactions
among hadrons. We show here that the light 0+ scalars
f0(500)/f0(1370), f0(980)/f0(1710), K
∗
0 (700)/K
∗
0 (1430),
a0(980)/a0(1450), are such kind of two-pole structures by
using the relativistic Friedrichs-Lee-QPC scheme. Fur-
thermore, the two-pole structures D∗0(2210)/D
∗
0(2390),
D∗s0(2317)/D
∗
s0(2680) and their counterparts with b
quark are also suggested for the future experiments to
explore. Though the one continuum assumption and the
limitation of RQPC may bring in some uncertainty in
the pole positions, it is enough to show the general phe-
nomenon of two-pole structure. Some of these two-pole
structures were also found in the unitarized HχPT ap-
proach [26, 27, 50]. However, the mechanism here pro-
vides a unified clearer constituent quark picture on how
these two-pole structures is generated. It is surprising
that these two very different approaches converge to the
similar results. Besides the two-pole structures listed
above, there must be other two-pole structures generated
by the same mechanism which should be paid attention
to and searched for in future experiments. This mecha-
nism could be much more general beyond hadron physics.
In molecular physics, atomic physics or condense matter
physics, there could also be composite particles scatter-
ing where a seed couples with two particle continuum,
and such two-pole structure may also present. Further
exploration in this direction in these areas may reveal
new phenomena in future.
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